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Abstract. In this note we present a description of wave 
front evolving from an algebraic hypersurface by means 
of a pull-back of the discriminantal loci of a tame poly- 
nomial via a polynomial mapping. As an application we 
give examples of wave fronts which define free/ almost free 
divisors near the focal point. 



Introduction 

During the last decade we witnessed an intensive development of studies on 
wave fronts mainly from the differential geometric point of view. We restrict 
ourselves to recall the works of authors like S.Izumiya, K.Saji, M.Umehara, 
K.Yamada. After their definition, a map germ / : (IR n ,0) — > (lR n+1 ,0) is 
called a wave front if there exists a unit vector field e along / such that the 
(/, e) : (M. n , 0) — > (PTM n+1 , 0) is a Legendrian immersion. 

In this article we propose an approach to the geometric studies of wave 
front (equidistant, parallel) surfaces based on complex analytic tools. The 
main difference between our method and the above mentioned differential 
geometric method consists in the way to represent a wave front: we try to 
describe it by means of its defining equation, while the latter relies on its 
parametrisation. Here we present a description of wave front evolving from 
an algebraic hypersurface by means of the discriminantal loci of a tame poly- 
nomial. In contrast to [1], we do not identify the deformation parameter space 
of a polynomial and the space-time variables (x,t). This situation makes us 
to consider a mapping i (1.7) from the physical space-time (x,t) world to 
the deformation parameter space. As we treat the deformation of the phase 
function ty(x,t,z) (1.4) (or square distant function $(x, t, z), Remark II. ip 
in a global setting, we are obliged to take into account its vanishing cycles 
at infinity. 
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To avoid difficulties associated to the vanishing cycles at infinity with 
non-trivial monodromy (denoted by E' c in [SJ Theorem 0.5]), we have chosen 
a strategy to treat only tame polynomial cases (see Lemma 12. ip . 

The majority of ever existing works reduce the Lagrangian or Legendrian 
singularities to local normal forms with the aid of diffeomorphisms. In [15] 
we have proposed an asymptotic analysis of the fundamental solution to hy- 
perbolic Cauchy problem around the singular loci of the globally evolving 
wave front. In this article we removed the quasihomogeneity condition im- 
posed on the initial wave front in [153 . O ur Theorems 12. 5[ 13.11 generalise 
[15} Theorem 10]. 

Another objective of this article is to show that certain wave front gives 
example of an almost free divisor. The research on this kind of divisor has 
been initiated by J.Damon [5] and D.Mond [T3]. The former gave the rank of 
"singular vanishing cycles" module while the latter uses differential forms to 
describe the vanishing cohomology in the singular Milnor fibre of an almost 
free divisor. Their activities are motivated by a discovery [7] on the stabiliza- 
tion of a singular mapping: the discriminant of a stabilization plays a role 
of "Milnor fibre" for the discriminant of the mapping. Despite remarkable 
results on topological invariants of almost free divisors, quite few non-trivial 
examples are present in their works, especially those with the physical mean- 
ings are absent. Here we supply a class of examples that arise from geometric 
optics. We shall notice, however, our basic idea to construct an almost free 
divisor ^(D^) as a pull back of a free divisor (the definition of its free- 
ness as a divisor coincides with the formulation oheorem 12. 5[ 1) below) via 
a polynomial mapping has already been underlined by J.Damon in [7J p. 2 19] 
and [6] where he uses the terminology " nonlinear section" of a free divisor. 

It is a great pleasure for us to dedicate our humble result to the 60th 
birthday of David Mond who founded a beautiful and significant theory on 
interrelations between free and almost free divisors. This relation would have 
never come into author's attention if not twice stays at University of Warwick 
realised by his invitation. 

1 Preliminaries on the wave fronts 

In this section we prepare fundamental notations and lemmata to develop our 
studies in further sections. Let us denote by Y := {(z, u) G C n+1 ; F(z) + u = 
0} the complexified initial wave front set defined by a polynomial F(z) G 
M[zi, ■ ■ ■ ,z n ], z = (zi,--- ,z n ). The real initial wave front set is given by 

Y n M n+1 . 

Let us consider the traveling of the ray starting from a point (z, u) G Y 
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along unit vectors perpendicular to the hypersurface tangent to Y at (z,u). 
It will reach at the point (xi, • ■ ■ , x n+1 ) 

1 dF(z) 

x - +i = ±f i(4Fw,i)i + " with {z,u) e Y ' (L1) 

at the moment t. Further on, we denote by x' — (xi, • • • , x n ), x = (x', x n+ \). 
We see that (x,t) and (z,u) satisfying the relation (1.1) are located on the 
zero loci of two phase functions 

Tj> ± (x,t,z,u) = ((J-z,d z F(z)) +(x n+l -u))±t\(d z F(z),l)\, (1.2) 

each of which corresponds to the backward ip+(x, t, z, u) (resp. the forward 
ip-(x,t, z,u) ) wave propagation. To simplify the argument, we will not 
distinguish forward and backward wave propagations in future. This leads 
us to introduce an unified phase function 

ip(x, t, z, u) := ip+(x, t, z, u) ■ ip-(x, t, z, u) 

= {{x' - z, d z F{z)) + (x n+1 + u)f - t 2 \(d z F(z), 1)| 2 , (1.3) 

Let us denote by Wt the wave front at time t with the initial wave front 
Y i.e. Y = Wq. Now we consider the following projection. 

7T : {(z,u) E Y : ip(x,t,z,u) = 0} C n+2 
(x,t, z,u) i-> (x, t). 

Lemma 1.1. For x G Wt, the point (x,t) belongs to the critical value set of 
the projection tt defined just above. 

We can understand this fact in several ways. Instead of purely geometrical 
interpretation, in our previous publication [15] we adopted investigation of 
the singular loci of the integral of type, 

f 1 1 

I(x,t) = H(z,u)(- — r + - — 7 -)dzAdu 

J-y tp + (x,t,z,u) ip-(x,t,z,u) 

for 7 G H n (Y) and H(z,u) G Oqu+i. The above integral ramifies around its 
singular loci W t and by the general theory of the Gel'fand-Leray integrals (cf. 
[T7]). W t is contained in the critical value set mentioned in the Lemma [1.11 
According to the Lemma O, The set BW := VJtacWt C C n+1 (the real 
part of it is the big wave front after Arnol'd [H 6.3], [2j 22.1]) can be 



3 



interpreted as a subset of the discriminant of the function (called the phase 
function) 

t, z) := {{x' - z, d z F{z)) + x n+l + F(z)f - t 2 (\d z F(z)\ 2 + 1) (1.4) 
for x' = (xi, ■ • • , x n ). This is a set of (x, t) for which the algebraic variety 

X Xtt := {zeC n :^(x,t, z) = 0} 

has singular points. 

Remark 1.1. Masaru Hasegawa and Toshizumi Fukui [12] study the wave 
front W t as a discriminantal loci of the function, 

$(x,t,z) = -~(\(x' - z,x n+l + F{z))\ 2 -t 2 ), 

that measures the tangency of the sphere {(z, z n+1 ) G R n+1 : \(z — x', z n+1 — 
x n+ i)| 2 = t 2 } with the hypersurface Y n R n+1 . In some cases, this approach 
allows us to get less complicated expression of the defining equation of BW 
in comparison with ours in Theorem Iff. 51 

As Hasegawa points out, generally speaking, the inclusion of BW into 
the discriminant of (1.4) is strict. The parabolic points ofF(z) produce addi- 
tionally so called "asymptotic normal surface. " The discriminant, however, 
represents the big wave front in the neighbourhood of a focal point (see below). 
Hence in our further studies on the local property around the focal point, this 
difference is negligeable. 

We assume that the variety X X) t has at most isolated singular points for 
a point (x, t) of the space-time. Among those points, we choose a focal 
point (xQ,t ) G C n+2 i.e. the point where the maximum of the sum of all 
local Milnor numbers is attained. If we denote by z^ l \ • • • , z^ the singular 
points located on X Xo . to and Milnor numbers corresponding to these points 
by fi(z^), i — 1, k, the following inequality holds for the focal point 

k 

sum of Milnor numbers of singular points on X X)t < /jl(z^), 

i=i 



for every (x,t) G C n+2 . 

Assume that the quotient ring 



is a /i dimensional C vector space that admits a basis {ei(z), ■ ■ ■ , e^(z)} that 
contains a set of basis elements as follows, 

ei(z) = 1, e j+1 (z) = (zj - zf), 1 < j < n, (1.6) 

for a fixed % G [1, k\. Here we remark that X)i=i fi(z^) < ji. The denominator 
(d z ty(xo, to, z))C[z] of the expression (1.5) means the Jacobian ideal of the 
polynomial ^(xo, to, z). 

Now we decompose the difference 

m 

V(x,t,z) - ^(x ,t ,z) = ^s j (x,t)e j (z) 

3=1 

by means a set of polynomials in z, {ei(z),--- , e^z), e M+ i(z), • • • ,e m (z)} 
and a set of polynomials in (x, t), 

i : C n+2 C m 
(x,t) ^ t(x,t) := (si(x,t), • • • ,s m (x,t)) 

(1.7) 

thus defined. In this way we introduce a set of polynomials {e^ + i(z), ■•• , 
e m (z) } in addition to the basis of (1.5). We consider a polynomial ip(z, s) G 
C[z, s] for s — (si, • • • , s m ) defined by 

m 

lf(z, S) = ty(x , t , Z) + ^ S 3 e A Z )- C 1 - 8 ) 

3=1 

Locally this is a versal (but not miniversal) deformation of the holomor- 
phic function germ ^(x , t , z) at z = z^\ 



2 Discriminant of a tame polynomial 

Definition 2.1. The polynomial f(z) G C[z] is called tame if there is a 
compact neigbourhood K of the critical points of f(z) such that \\d z f(z)\\ = 

\J (d z f(z), d z f(z)) is away from for all z £ K. 

In the sequel we use the notation s' — (s2, ■ ■ • , s m ) and s = (s±, s'). 
Further on we impose the following conditions on ip(z, s) introduced in 
(1.8). Assume that there exists an open set G V C C m ~ l such that 

CM 

dim c — — — — - < oo, 2.1 

{d z ip(z, s))C[z] 

5 



for every s' G V and S\ G C. In addition to this, we assume that for every 
s — (si, ■ ■ ■ , s n+ i, 0, • • - , 0) G C x V, the equality 

dim c - r = fi, (2.2) 

[d z (*{x ,t ,z)+T l ^s j e j (z))) C[z] 

holds. 

Lemma 2.1. Under the conditions (1.5), (2.1), (2.2) there exists a con- 
structible subset U C V , such that (p(z, s) is a tame polynomial for every 
s G C x U and 

C[z] 

dim^—— — — - = fi, 

{d z (p(z, s))C[z\ 

for every s G C x U . 

Proof By [U Proposition 3.1] (2.2) yields the tameness of ip(z,0). After 
Proposition 3.2 of the same article, the set of s such that tp(z, s) be tame 
is a constructible subset (i.e. locally closed set with respect to the Zariski 
topology) of the form C x W for W C V. According to [4, Proposition 2.3] 
the set 

T n = {s G C x W : dime-— pi— n < n}, 

(d g <p(z, s))C[z\ 

is Zariski closed for every n. We can take C X U — T M \ T M _i. Q.E.D. 
Assumption I 

(i) By shrinking U if necessary, we assume that a constructible set U C U 
can be given locally by holomorphic functions (s„ + i, • • • , s m ) on the coordi- 
nate space with variables (s 2 , • • • , s u ), v > \i. 

(ii) The image of the mapping i of a neighbourhood of (x , to) is contained 
in C x U. In other words, 

.(C" +2 ,(a;o,to)) C (C x U,i(x ,t )). 

For a fixed s' = (§2, ■ ■ ■ , s m ) G U and the constructible subset U C V 
of the Assumption I,(i) we see that (p(z,Si,s r ) is a tame polynomial for all 
si G C. For such <p(z, Si, s'), we define the following modules, 

■= r-7- fEn-i ; ^ (2-3) 



d z ip{z, st, s') A + d ^c"' 
d z (p(z, s%, §') A dfl^r, 



B (§') := ^ (2.4) 
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the module B v {s') is called an algebraic Brieskorn lattice. In considerig the 
holomorphic forms multiplied by (p(z, si,s') be zero in (2.3), (2.4) we can 
treat two modules as C[si] modules. 

These modules contain the essential informations on the topology of the 
variety 

Z M = {zeC n : <p(z, 8l , §') = 0}. (2.5) 

Let us denote by D v C C X U the discriminant al loci of the polynomial 
(p(z, s) i.e. 

:= {s G C x U : 3z G Z„ s.t. d z p{z, s) = 0}. (2.6) 

Theorem 2.2. For a fixed s' = (§2, • • • , s m ) G U, both V v (s') and B v (s') are 
free C[si] modules of rank [i. 

Proof First we show the statement on B v (s'). After |8] Theorem 0.5] the 
algebraic Brieskorn lattice B v (s') is isomorphic to a free C[si] module of finite 
rank ( so called the Brieskorn-Deligne lattice). The topological triviality of 
the vanishing cycles at infinity for (p(z,s±, s') ensures this isomorphism. 

On the other hand, for (§i,s') G C x U, the Corollary 0.2 of the same 
article tells us the following equality. 

dim Coker(s\ — Sx\B,p(s')) 

= dim H n -i(Z(s lt s>)) + sum of Milnor numbers of singular points on Z^s 1 )- 
For (§i, s') G C x U \ Dp, the right hand side of the above equality equals 

sum of Milnor numbers of singular points on 

S ^'- Z (s 1 ,s') singular 

by 01 Theorem 1.1, 1.2]. 

Now we show that B v {s') is isomorphic to V v (s'). 

We show the bijectivity of the mapping d : V v (s') — > B v {s'). To see the 
injectivity, we remark that the condition d(u + da + (3 A d(p(z,si,s')) = 
du + d(3 A dip(z,si,s') = 0, a, (3 G fi™ -1 in B^(s'), entails the existence of 
a' G Q"^ 1 such that du = da 1 A d<p(z, Si, §'), this in turn together with the 
de Rham lemma entails u = a' A d<p(z, si, §') + dj3' for some (3' G f2 n_1 

To see the surjectivity, it is enough to check that for every 7 G f2 n the 
equation du = 7 is solvable. Q.E.D. 

Let us introduce a module for s' = (5 2 , • ■ ■ , s m ) G U, 
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that is a free C[si] module of rank fi because it is isomorphic to 

®{_si:Z^ g gi-j singular} ® z:singular points on Z^ sl -/^ C*^ \ 

with ^(2) : the Milnor number of the singular point z G Zr ai gr\. Let us denote 
its basis by 

{gidz, ■ ■ ■ ,gudz}, (2.8) 

such that the polynomials {gi(z), ■ ■ ■ , ^(z)} consist a basis of the RHS of 
(2.7) as a free C[si] module. 

According to jH p. 218, lines 5-6] the following is a locally trivial fibration, 

Z {S1>S >) -> (si,s') GCx(7\^, 

by the definition (2.5), (2. 6). This yields the next statement. 

Corollary 2.3. VFe can choose a fraszs • • ■ ,u n } ofV v {s') independent 
ofs'eU. 

Due to the construction of U, we can consider the ring Oy of holomorphic 
functions on U. By the analytic continuation with respect to the parameter 
s' G U, we see the following. 

Lemma 2.4. The modules B^s'), V v {s'), Q^s') are free C[si]®CV modules 
of rank \i. 

As the deformation polynomials e±, ■ ■ ■ ,e u arise from the special form of 
ty{x,t, z) we are obliged to impose the following assumption. 

Assumption II We assume that we can adopt e^z) of (1.5), (1.6) as gi(z) 
in (2.8) i = 1, • • • , \i and they serve as a basis of Q<p(s') as a free C[si] <8> Ojj 
module. 

For the sake of simplicity, let us denote by mod(d z ((p(z, 0)+J2T=2 s j e j( z ))) 



the residue class modulo the ideal (d z (<p(z, 0) + Y1T=2 s j e j( z ))) l ^[ z i s i] ® ^ 



.7 = 



in C[z, si] £g> 0a- By virtue of the freeness of Qip(s'), this residue class is 
uniquely determined. Our assumption (1.5), (1.6) together with the Weier- 
strass preparation theorem gives us a decomposition as follows, 



(<p{z,0) + J2 s i e i( z )) ■ 



dtp(z,s) 



dsi 

j=2 

= X>,V) q mod(d z ( V (z,0) + Y,sM z ))), l<i<V (2-9) 

1=1 S£ j=2 



= > cTj(s) — mo 



dst 

fi + 1 < i < m 



d(d z (ip(z,0) +J2 s i e j( z )))i 

3=2 



(2.10) 



with af(s') G Ojj- In fact, according to an argument used in 0, Theorem 
A4], [16j Proposition 2] (both treat liftable vector fields in local case but 
they apply to our situation), the following vector fields are tangent to the 
discriminant D„ 



■tp, 



[8! + a\ls 







It nd(f{z,s) 



0)o-+ E °t{s')--^^,i<i<n 



Here we recall the Assumption I, (i) that allows us to adopt (si, s 2 , 
v > n as the local coordinates of C x U. 



(2.11) 

j S u ), 



9s/ 



(2.12) 



We remark here that the importance of the liftable vector field in the 
studies of singularity discriminant has been pointed out by [U §3] . 

Evidently they are linearly independent over C[si] <S> Oy because of the 
presence of the term S\-j^- for every 1 < % < fx and — for fi + 1 < % < v. 
Therefore they form a C[si] ® Of/ free module of rank v. Let us introduce the 
following matrix of which the i— th row corresponds to the vector Vi. 



( sx + aKs') 



Us) :-- 



a\{s>) 



al{s>) 
Si + crl{s>) 



alls') 



af(s') 



si + <{s' 



a, 



at 1 . Is') 








-1 






\ 











-1 J 

(2.13) 



In fact the following fix fx submatrix of S(s) contains the essential geometrical 
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informations on D u 



Us) 



Si 



aUs 1 ) 



aH(s') 



(2.14) 



Theorem 2.5. 1) The algebra Der CxU (log D v ) of tangent fields to as a 
free C[si] <8> Ou is generated by the vectors Vi, 1 < i < u of (2.11), (2.12). 

2) The discriminantal loci D v is given by the equation 

= {s G C x U : det E(s) = 0}. 

3) The preimage of D v by the mapping l contains the wave front BW = 
UtecWt C C n+1 i.e. BW C i" 1 (£>„). 

Proof The tangency of vector fields v^s to D v and their independence 
over C[si] ® Ou have already been shown. 

We shall follow the argument by [T0| Theorem 3.1]. First we shall prove 
2). By virtue of the tangency of v^s to D v and the equality 

Vi A • • • A v v = det E(s)d 81 A • • • A d Sv , 

the function det £(s) shall vanish on D v . The statement on Q v (s') of the 
Lemma 12.41 tells us that 

(J{s G C x U : s\ — const D D v } = /Lt, 

in taking the multiplicity into account. 
From (2.13), (2.14) we see that 

±det E(s) = det t(s) = s% + d^s')^' 1 + ■■■ + d^s'), 

with di(s') G Ou, 1 < « < /i- Thus the determinant det E(s) that turns 
out to be a Weierstrass polynomial in s\, shall be divided by the defining 
equation of which turns out to be also a Weierstrass polynomial in si of 
degree \i. This proves 2). 

Now we shall show that every vector v tangent to admits a decompo- 
sition like 



i=l 



a,; S U; 
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for some a,(s) G C[si] £g> (9(7. For every z the following expression shall vanish 
on Dp, because of the tangency of all vectors taking part in it, 

V\ A • • • A Vi-x A v A {Tj +1 A • • • A v v . 

Therefore there exists ct;(s) G C[si] <8> such that the above expression 
equals to ai(s)det'E(s)d sl A • • • A d Sm . This means that the vector v — Yli=i 
a,i(s) Vi defines a zero vector at every s G" D^, as the vectors V\, - ■ ■ ,v u form 
a frame outside D ¥ . By the continuity argument on holomorphic functions, 
we see that the decomposition holds everywhere on C x U. 

The statement 3) follows from Lemma 11.11 (1.4) and the definition (1.7) 
oft. Q.E.D. 



3 Gauss-Manin system for a tame 

polynomial 

In this section, we willl show that the above matrix £(s), (2.14) can be 
obtained as the coefficient of the Gauss-Manin system defined for a tame 
polynomial (p(z, s). 

According to Lemma \2A\ every u G Vip(s') admits a unique decomposi- 
tion as follows, 

u = ^2ai(s)ui, seCxU. (3.1) 

i=l 

A generalisation of Theorem 0.2 of [5] tells us that the following equivalence 
holds for every holomorphic n — 1 form u, 

Vs G C x U,lo\ Zs = in H n ~\Z s ) u = in V v {s'). (3.2) 

The above statement (3.2) for every n > 2 was given by Corollary 10.2 of 
[T4"] after an argument quite different from that in [9j §2. 

This theorem yields a corollary that ensures us the following equality for 
every vanishing cycle 5(s) G H n -i(Z a ), 

! w = VV(s) / 0J h seCxU, (3.3) 

Js(s) i=1 J 5(a) 

for some Oj(s) G C[si}(&Ou , 1 < i < /i- To show this along with the argument 
by [9], we simply need to replace his Lemma 2.2 by [HI Corollary 0.7]. 

Here we remark that for the basis of {ei(z)dz, • ■ ■ , e^(z)dz} of Q^s') we 
can choose the basis {ui, ■ ■ ■ of V v (s') such that 

dui = ei(z)dz + d z (p(z, s) A €i, (3.4) 
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for some G Q n 1 . That is to say, for every u G Q n 1 we can find the 
following two types of decomposition 



=1 



Ci{s')duji + d z ip(z, s) A cf£, 



= 2j Cj(s')(ej(z)dz + d z <p(z, s) A e*) + 4^0, s ) A *7> ( 3 -5) 

i=l 

for some Cj(s') G CV, £ G fT~ 2 ® Of/, 77 G fi n_1 <g) This is a reformulation 
of Lemma 12.41 

As E.Brieskorn [3 J showed, the following equality holds if we understand 
it as the property of the holomorphic sections in the cohomology bundle 
i7 n-1 (Zs) defined as the Leray's residue u/d z ip(z, s) for uj G Q n , 

d 

(—) dr] = d z ip(z, s) A 77. 

OS 1 

This yields that 

( A)-i^(s') = d z <p{z, s) A W^/dM*, s ) A rf ^ 2 > 

OSi 

and we see that {ei(z)dz, ■ ■ ■ , e^{z)dz] is a basis of B^{s') as an 
module. 

For Wj's chosen in (3.4) we have a decomposition in Q v (s') as follows, 

(y?(z, s) — Sijduji = of (s')cL^ + d z ip(z, s) Arji, 1 < i < \i (3.6) 
€=1 

rji G fi™ -1 ® We see that (3.6) is equivalent to (2.9) in view of (3.5). This 
relation immediately entails the following equality for every 8(s) G H n ^i(Z s ), 



_d 

1 ds-i 



- [ + "fOO/- / + / Vi = 0, (3.7) 

1 </<5(s) " as l ./<S(s) JS(s) 



in view of the fact J s(s) (p(z, s) d ^ s) = and the Leray's residue theorem 



'S(s) r\ 1 I d z ip(z,s) 

d f f duji 



dsi Js(s) Js(s) d g <p(z, s) 
12 



After (3.3), every f g ,. rji admits an unique decomposition 



J 6(a) j=1 J 6{s) 



(3.8) 



for some 6f(s) G C[si] x Ojj, 1 < i,j < //. 
Let us consider a vector of fibre integrals 



/ 




(3.9) 



In summary we get 

Theorem 3.1. 1) For a vector Iq, (3.7) we have the following Gauss-Manin 
system 



that corresponds to the singular loci of the system (3.10). 

Remark 3.1. To see that the two statements on D v do not mean a simple 
coincidence, one may consult [TS[ Theorem 2.3] and find a description of 
the Gauss-Manin system for Leray 's residues by means of the tangent vector 
fields to the discriminant loci. 

4 Free and almost free wave fronts 

Now we recall that the freeness of Dercxu(log D v ) as a C[si] ® Ou 
module, proven in the Theorem I2.5[ means that D v defines a free divisor (in 
the sense of K.Saito) in the neighbourhood of every point s G D v . We define 
the logarithmic tangent space T^D^ to at s: 



We follow the presentation on the free and almost free divisors by D.Mond 
[T3] and J.N.Damon [6]. To discuss when the big wave front BW becomes a 
free divisor, we need to make use of the notion of algebraic transversaliy. We 




D v = {s G C x U : det E(s) = 0}, 



T l s 09 D^ = {v(s) : v(s) G Der CxU (log D v ) s } 



(4.1) 
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recall here the Assumption I, (ii) on the image of the mapping i that entails 
the following inclusion relation, 

d x AT {x ,t)C n+2 )cT, {Xtt) (CxU), 

for (x,t) in the neighbourhood of (x ,t ). 

Definition 4.1. The mapping i is algebraically transverse to D v at (xo,to) ^ 
C n+2 if and only if 

d x XT {xo , o) C n + 2 ) + T 1 °* qM D v = T M (C x CO- (4.2) 

Lemma 4.1. ( [73]/ Jacobian criterion for freeness) The divisor i~ l (D v ) is 
free if and only if i is algebraically transverse to D v . 

To state a criterion of the freeness of L^ 1 (D ip ), we need the following 
m x [y + n + 2) matrix T(x, t). 

T(x,t) = 



(?2 (s' {x, t)) 



si + £r£(s'0,t)) 



/ si + crj(s'(a;, t)) 

CT|(s'(iC, t)) 

CT^s'fa;, t)) 
si(i, t)ii 
si(i, t)^ 2 

t) Xji+1 



CT^(s'(l, t)) 







^1 







s m (x, t}x\ 
s m (x, t) xr) 

s m {x,t) Xn + 1 
s m (x,t) t / 

(4.3) 



The first v rows of the T(x,t) correspond to those of Y*(i(x,t)) while the 
{y + z) —th row corresponds to -£^-i(x,t), 1 < i < n + 1 and the last row to 
ft(x,t) for t(x,t) of (1.7). 

The Lemma 14.11 yields immediately the following statement in view of 
the Theorem 12.51 

Proposition 4.2. The divisor t~ 1 (D (fi ) is free in the neighbourhood of (x,t) 
if and only if rank T(x,t) > v. 
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Remark 4.1. It is well known that the discriminant of a JC— versal de- 
formation of a hyper surf ace singularity defines a free divisor (K. Saito, E. 
Looijenga). Therefore, the cases for which the JC— versality has been proven 
in FTB{ . n = 2 give rise to free wave fronts. 

After Theorem 12.5} in the neighbourhood of each of its point s, the 
hypersurface D v defines a germ of free divisor. 

Definition 4.2. The germ of hypersurface l~ 1 (D v ) at (xo,£o) E C n+2 is an 
almost free divisor based on the germ of free divisor D v at i(xo,to) € C x U 
if there is a map io '■ t~ l {D ip ) — > which is algebraically transverse to D v 
except at (xo,to) such that ^(D^) = ^(D^). 

In view of this definition, we get a criterion so that L~ l (D ip ) be an almost 
free divisor. 

Proposition 4.3. The germ of hypersurface ^(D^) at (xo,to) £ C™ +2 is an 
almost free divisor based on the germ of free divisor D v at t(xo,to) E C x i7 
if the following inequality holds at an isolated point (xo,to) E l1 {D ip ), 

rank T(xo,to) < v -, (4.4) 

while at other points (x,t) ^ (xo,to) i n the neighbourhood of (xo,to) , the 
inequality rank T (x, t) > v holds. 

As we shall see in the Example 5.1 below, it is quite difficult to verify that 
the condition (4.4) is satisfied at an isolated point. We can give a sufficient 
condition on the violation of algebraic transversality condition at an isolated 
point as follows. 

Proposition 4.4. Assume that (4.4) holds at the focal point (xo,to). For a 
mapping i with rank d x t L(xo,t ) = n + 1, if the following inequality (4.5) 
is satisfied only for (£, r) = (0,0), (x ,t )is an isolated algebraically non- 
transverasal point. 




The proof follows directly from the lower semi-continuous property of the 
rank T (x, t). 
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5 Examples 



1. Wave propagation on the plane 

Let us consider the following initial wave front on the plane Y := {(z, u) G 
C 2 ; az 2 + z A + u = 0}, z = i.e. F(z) = az 2 + z A for some real non-zero constant 
a. In this case our phase function has the following expression 

t, z) = (x! + az 2 + z 4 + (x 2 - z)(2az + Az 3 )) 2 - t 2 (l + (2az + Az 3 ) 2 ), 

= -t 2 + x\ + Aax x x 2 z + (-Aa 2 t 2 + Aa 2 x\ - 2ax 2 )z 2 

(-Aa 2 x 1 + %xix 2 )z 3 + (a 2 - 16at 2 + lQaxj - Qx 2 )z 4 

-20ax lZ 5 + (6a - 16t 2 + 16x 2 )/ - 2A Xl z 7 + 9z 8 . (5.1) 

It is easy to see that (xi,x 2 ,t) = (0, j-) is a focal point with a singular 
point (z, u) = (0, 0) and the Milnor number /x(0) = 3 (A$ singularity i.e. the 
swallow tail) if a ^ 1 and /i(0) = 5 (A 5 singularity) if a — 1, 

*(0, 7^, *) = (-(1/a) + <*V + ("(4/a 2 ) + 6a)/ + 9z 8 . (5.2) 
2a 2a 

The quotient ring (1.5) for this \I/(0, — ^, ^, 2) has dimension /x = 7. 

Especially we can choose = z* -1 , i = 1, • • • , 7 as the basis of (2.8). Now, 
in view of (5.1) we introduce an additional deformation polynomial es = z 7 , 
together with entries of the mapping 1 (1.7), 

S\ = —t 2 + x\ , s 2 = Aax\X 2 , s 3 = — 4a 2 t 2 + 4a 2 x 2 — 2ax 2 , s 4 = — 4a 2 a;i + 8xxx 2 , 

S5 = a 2 — 16at 2 + 16aa; 2 — 6x2, sq = — 20axi, sj = 6a — 16t 2 + 16x 2 , s$ = —2Ax\. 

(5.3) 

8 

<p(z,s) = 9z 8 + ^s i z i ~ 1 . 

i=l 

In this case, the constructible set U of the Assumption I,(i) coincides with 

C 7 . 

At the focal point (x,t) = (0, — ^, ^) the matrix t*(E)(0, — ^) has 
the following form with rank 5 if a 7^ 1 and rank 3 if a = 1. 

/ (-1 + a 3 )/(2a) -(1/a 2 ) + (3a)/2 \ 



Ai A 2 

A t A 2 

A 3 A 4 

A 3 A 4 

A 5 A 6 

A 5 A 6 

\ 4(-l + a 3 )/a 6(- (4/a 2 ) + 6a) 72 / 
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(5.4) 

where A 1 = ^g£^, A 2 = A 3 = ^f^^ , A, = 

(-2+a 3 ) 2 (-2+3a 3 ) a _ (-2+a 3 ) 2 (2-5a 3 +3a 6 ) a _ 16-56a 3 +68a 6 -30a 9 +3a 12 Wo 
72a6 ' ^5 ~~ 1296a 7 ' ^6 — 4 32a 8 ■ vv « 

see that Ai = A3 = A5 = for a = 1. 
Thus together with the data 

4,^(0, -l/2a, l/2o) (5.5) 

0-2 -(4/a) - 4a 2 -20a -24 \ 
-(1/a) -2a 0-6 

y -(1/a) -4a -16 -(16/a) J 

we conclude that rank T(0, = 8 = v if a 7^ 1. Therefore after 

Proposition 14.21 the germ of the big wave front BW defines a free divisor in 
the neighbourhood of the focal point (0, — l/2a, l/2a) for a / 1. 

In the case a = 1, rank t*(E)(0, -1/2, 1/2) = ranfc t*(E)(0, -1/2, 1/2) + 
1=3 and 

rank T(0, -1/2, 1/2) = 6 < 8. (5.6) 

That is to say the mapping 1 is not algebraically transverse at the focal 
point (0, —1/2, 1/2). Now we shall see that the focal point (0, —1/2, 1/2) is 
an isolated point after the following reasoning. 

At first we remark that (5.4), (5.5) entail the following relation. 

span c {vM0, -1/2, 1/2)), • • • , v 8 (t(0, -1/2, 1/2))} 
( di dt dt , rri1 

ns «%> ^ }(0 - 1/2 ' 1/2) = {0} - 

This means that the integral variety germ of the vectof fields {vi(s), ■ ■ ■ , 
t>g(s)}(i.e. the A 5 singularity stratum of ^,4(0,-1/2,1/2)) and the image t(C 3 , 
(0, —1/2, 1/2)) intersect transversally (in the usual sense) at the point 
l(0, — 1/2, 1/2). This does not ensure the isolation of the algebraic non- 
transversality. We still need to show that no A4 singularity stratum on the 
wave front is adjacent to the focal point. 



First proof of the isolated property of the focal point 

If *&(x, t, z) had a A4 singularity point in the neighbourhood of the focal 
point (0, —1/2, 1/2) with A$ singularity, the rank of T(x, t) would be 7 (< 8) 
there. At such a A^ singularity point, the condition of Proposition 14.31 is 
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not satisfied. In this situation, the algebraic transversality would be violated 
on a non-discrete set adjacent to the focal point. If we show that the v4 4 
singularity stratum of D v is not contained in the image l( C 3 , (0, —1/2, 1/2) 
) \ t(0, —1/2, 1/2) C C x U, it would mean that no At singularity appears 
on the wave front. Consequently it proves that rankT(x,t) > 8 for every 
(x,*)^ (0,-1/2,1/2). 

A deformation of the polynomial (5.2) with ik > 4) singularity near 
the origin can be given by 

(z + wi) 5 (<?i + q 2 z + q 3 z 2 + 9z 3 ), 

for (u>i, 9i, 92, 93) ~ (0,0,2,0). In other words, the union of Ak singularity 
(k > 4) strata in C x U has the following 4-parameter representation, 

(si,--- ,s g ) = 

(qiw±, 5qiwf+q2wl, Wqiivl+5q2wf+q 3 wl, lOgiiof + 10q2wl + 5q 3 wf+9wl , 5qiWi + 
Wq 2 wl + Wq 3 wf + 45wf ,qi+5q 2 wi + 10q 3 wl + 90wf , q 2 + 5q 3 wi + 90wl , q 3 + 45wi ) . 

Four vectors below span the tangent to this union set at the point (wi, 91, 
g 2 , 93) = (0, 0,2,0), 

(0, 0, 0, 0, 0, 1, 0, 0), (0, 0, 0, 0, 0, 0, 1, 0), (0, 0, 0, 0, 0, 0, 0, 1), 

(0,0,0,0,0,10,0,45). 

Tins three dimensional tangent space and s P an c {%, & , fe} (0 ,-i/ 2 , 1/2 ) have 
a common vector subspace {0}. This yields that the union of Ak singu- 
larity {k > 4) strata and t(C 3 , (0, — 1/2, 1/2)) intersect only at the point 
t(0, -1/2, 1/2). Hence A k (k > 4) does not appear in i(C 3 , (0, -1/2, 1/2)) \ 
t( 0, -1/2, 1/2 ). 

Second proof of the isolated property of the focal point 

We verify the isolated algebraically non-transversal property at (0, —1/2, 
1/2) by means of Proposition 14.41 In this case the LHS of (4.5) becomes 

1 1, dr. 11, dr. ii, dr. 1 l . . 

T <°- "2- 2» + ^~~dt "2 - 2» + f'&T^ "2 - 2» + ^ < 5 ' 6 > 

Among the above matrices T(0, — |, =)is already given by (5.4), (5.5). Other 
derivatives are calculated as follows, 
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— (0,-1/2,1/2) = 



( 


-1 





-3 





-8 





-4 
















-(23/9) 





-(20/3) 
















-(17/18) 





-(23/9) 





-(20/3) 










-(1/108) 





-(55/54) 





-(14/9) 
















-(1/108) 





-(55/54) 





-(14/9) 










1/648 





1/324 





-(20/27) 
















1/648 





1/324 





-(20/27) 










-8 





-64 





-96 




























































\ 


-2 





-8 





-32 





-32 






-(0,-1/2,1/2) = 






-(7/4) 





-5 





-7 
























-(155/36) 





-(35/6) 










1/72 





-(19/12) 





-(10/3) 












-(1/432) 





-(1/72) 





-(367/216) 





-(127/36) 










-(1/432) 





-(1/72) 





-(10/9) 












1/2592 





1/432 





7/1296 





-(233/216) 










1/2592 





1/432 





5/27 














-2 


-4 


-12 


-24 
























8 





32 





32 












4 





8 












































/ 






dT 

dx 2 


(0,-1/2,1/2) = 














( 






















-1 





-(3/2) 





-3 


























-(4/3) 





-3 




















-(35/36) 





-(4/3) 





-3 














-(1/216) 





-1 





(5/6) 




















-(1/216) 





-1 





-(5/6) 














1/1296 








-(31/36) 




















1/1296 











(31/36) 














-8 


-12 


-64 


-100 


-96 


-168 
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V o 
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wave fronts 



t=0.501, = 0.1 

Figures showing successive degeneration of wave fronts. The first two 
figures show real wave fronts at the moments t = 2/3, 1/2. 

The following three figures show real sections of the complex wave fronts 
at the moments t = 0.55, 0.53, 0.501 that started from the initial front with 
corresponding to fixed Qz values. One can verify that in the neighbourhood 
of a A 3 focal point no trefoil shaped figure appears. The wave front remains 
to be more or less a parabola shape figure. 
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Now we shall show that 8x11 matrix of (5.6) attains the maximal rank 
8 except at (C 3 ,0) 3 ((,x,£,2, T ) = (0,0,0). For this purpose, we select 8x8 
minors without a common factor vanishing at (£i>62> T ) = (0,0,0). Here 
[i,j, k, ...] stands for a 8 x 8 minor corresponding to the i,j, k, ...-th rows of 
(5.6). 

[2,3,4,5,6,9,10,11] = -(1/629856)(1 + 2r)(-26375£ 1 + 2736000£f + ... - 
7587840£ 2 r 5 ) 

[1,2,3,4,7,9,10,11] = -(l/1259712)£i(l + 2r)(76350£ 2 - 164788000^ + ... + 
1221525504r 5 ) 

[2, 3, 4, 7, 8, 9, 10, 11] = (1/104976)(1 + 2r)(-22905£ 2 + ... + 32102400r 6 ) 
According to a calculation by SINGULAR [TT] . system of algebraic equa- 
tions [2, 3, 4, 5, 6, 9, 10, 11] = [1, 2, 3, 4, 7, 9, 10, 11] = [2, 3, 4, 7, 8, 9, 10, 11] = 
has (£i,£2j t ) = (0,0,0) as an isolated solution with multiplicity 12. This 
means that the sufficient condition of Proposition 14.41 is satisfied. This means 
that (0, —1/2, 1/2) is an isolated point on BW C i~ 1 (L' ¥ ,) with the property 
(5.6). Upshot is the almost freeness of the big wave front germ at the focal 
point after Proposition 14.31 

In summary we gave two proofs to the statement. 

Proposition 5.1. The germ of the big wave front BW at the focal point 
(xi,X2,t) = (0, — l/2a, l/2a) defines a free divisor if a ^ 1. If a = 1 it defines 
an almost free divisor germ at the focal point (xx, X2, t) = (0, —1/2, 1/2). 

2. Wave propagation in the 3 dimensional space 

Now we consider the following initial wave front in the 3— dimensional 
space, Y := {{z,u) E C 2 : -\{k\z\ + k 2 z 2 2 ) +u = 0}, i.e. F(z) = -\ik\z\ + 
k 2 z 2 ) for < k\ < k 2 . In this case our phase function has the following 
expression 

t, z) = (-x 3 + hxxzi + k 2 x 2 z 2 - l/2{kiz\ + k 2 z\)f - t 2 (l + k\z\ + k\z\), 

= -t 2 + x\- k\x x z\ + (fc?Zi)/4 - 2k 2 x 3 (x 2 - z 2 )z 2 

-k\t 2 z\ - A; 2 a;3^2 + ^2(^2 - z 2 ) 2 z\ + k\{x 2 - z 2 )z\ + {k\z\)j{ 

+zl(-k 2 t 2 + k\x\ + fcia^ - k 1 k 2 (x 2 - -22)^2 - l/2/cifc 2 ^|) 

+z 1 (-2k 1 x 1 x 3 + 2k 1 k 2 xi(x 2 - z 2 )z 2 + k x k 2 x x z\) (5.7) 

It is easy to see that the point (xi, x 2 , x 3 , t) = (0, 0, 1/kx, 1/ki) is a focal 
point with a singular point (z, u) = (0, 0) and the Milnor number /i(0) = 3. 
We have the following tame polynomial, 

*(0, 0, 1/kx, 1 Ai, z) = [k\z\ + Akxk 2 z 2 2 - Ak\z\ + 2k\k 2 z\z 2 2 + k\k\z\)lAk\. 
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As a matter of fact, the polynomial \I/ (0, 0, 1/fci, l/kx,z) satisfies the criterion 
on the presence of A 3 singularity at the origin mentioned in [12], Theorem 
2.2, (2). The situation is the same at another focal point (x±, X2, %3, t) = 
(0,0, l/fc 2 ,l/fc 2 ) • The quotient ring (1.5) for this *(0, 0, 1/h, l/k h z) has 
dimension /i = 5. 
We can choose 

{ei, e 2 , e 3 , e 4 , e 5 } = {1, z l} zf, z 2 , z\} 

as the basis (2.8). In view of (5.7), we introduce additional deformation mono- 
mials e 6 = zi * Z2,e7 — zf , e 8 = , e 9 = z 2 * z 2 > e io — ^i * ^ 2 together with 
the entries of the mapping l, 

si = —t 2 + x 3 , S2 = —2k\XiX3, s 3 = —k\t 2 + k\x\ + kix 3 , = — 2/c 2 x 2 X3 

s 5 = —k 2 t 2 + k^x 2 + /c 2 X3, S6 = 2k\k2X\X2 

Sj = —k^X2, S$ = —k 2 Xi, Sg = —k\k2X2-, SlO = —k\kiX\. 

By direct calculation with the aid of SINGULAR [11], we can verify 

dimc m = 5 

d t (*{0, 0, 1/h, 1/ki, z) + £-=i s tei )C[z} ' 

while 

C[z] 



dirriir 



'4(*(0, 0, l/h, l/h, z) + E-=i + s jej )C[z] 
for j = 7, 8, 9, 10. If s G C 10 satisfies the condition 

s 7 *z2 3 + s s *zf + s g *zl *z 2 + s w *Zi*z 2 = {az x + (3z 2 ){kiz 2 + k 2 zl) , (5.8) 

for some (a, /3) € C 2 , y?(z, s) has the same singularity at the infinity (A\+A\) 
for every such s. In fact our ^f(x, t, z) is exactly of this form with (a,/3) = 
(—kiX\, — k 2 x 2 ). This means that for s G C 10 under the condition (5.8), the 
global total Milnor number [i is equal to 5. 

Additionally we remark here that for ^(0, 0, 1/ki, l/k±, z) + ^=1 + 
SjejJ = 7,8,9, 10 the jump (= 2) of Milnor number infinity takes place as 
Sj — > 0. This illustrates the upper semi-continuity of the Milnor number at 
infinity. 

In summary, we can choose a constructible set 

U = {s' G C 9 ; hsj - k 2 s 9 = 0, kxs w - k 2 s s = 0} 
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with dimension 7 for which Lemma 12.11 applies. This implies that the As- 
sumption I,(i) is satisfied with v — 8. 
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The above discussion proves that the image of the mapping t(C ) C C 
is contained in a constructible set C X U where the value of the matrix E(s) 
is well-defined at each point s £ C x U. Therefore 



dims 



d z (V(x,t,z))C[z] 



for every (x,t) G C 4 . This means that the Assumption I,(ii) is satisfied. 

At the focal point (x\,X2,x^,t) = (0, 0, 1/fci, the matrix has 
the following form with rank 3 





(0 











-k 2 (h 


- h)/2kl 
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(h 


- k 2 y/kf 
































(h- 


k 2 flk\ 
































-1 
































-1 









v° 






















-1 
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Together with the data 






















4,^(0,0, 1/kt, 


l/k x ) = 















-2 











- 


-k\ 







h 













-2k 2 /h 





-k\ 





-k\k 2 







2/k 


1 





h 





k 2 
















-2/fci 





-2ki 





-2kl/h 

















we see that the rank T(0, 0, l/ki, 1/ki) 
Proposition 14. 3[ we have the following. 



> v 



) 



8. By virtue of the 



Proposition 5.2. The wave front contained in the discriminantal loci of 
(5.7) defines a free divisor germ in the neighbourhood of the focal point 
(0,0,1/^,1/^). 
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